In this study we develop a method to compute the seismic response to a P-wave source in or near an inhomogeneous transition zone. Our method is applicable to the cases in which the characteristic dimension of the transition zone is comparable to the wavelength and the source is located near (within a few wavelengths) or in the transition zone. Our method can take a fuller account of the frequency dependent effects of the transition zone than ray-theoretical methods do, in order that we may determine the nature of the transition zones more precisely.
Introduction
We wish to compute the response of an inhomogeneous elastic Earth to P-wave sources in or near transition zones. The transition zone may be one of the many regions within the Earth where the seismic velocities change rapidly with depth due to phase transformations or other physical mechanisms. Or the transition zone may be associated with the boundary of a cold slab or lithospheric material sinking into the upper mantle. The exact nature of such transition zones have important geophysical and geochemical implications.
The response of an inhomogeneous elastic Earth to a point P-wave source has been estimated by geometrical ray theory (wesson 1970; Julian 1970; Chapman 1971). Transition regions frequently produce infinite discontinuities in the ray-theoretical amplitude as a function of distance and azimuth. The observed amplitude variation, while exhibiting the trend predicted by ray theory, is more smoothly varying and frequency dependent. It is desirable to apply a wave theory to this problem since the waves have finite wavelength comparable to the thickness of the transition zone. We present a method to compute the elastic response, without the ray-theoretical assumption of small wavelength. Our method can be easily extended to include more complicated sources (Burridge & Knopoff 1964) such as a point double couple or a propagating rupture.
Geometrical ray theory cannot evaluate the frequency dependent energy loss t Now at Amoco Production Company, Research Centre, Tulsa, Oklahoma 74135.
along the ray path. In the Earth, waves in fact lose significant energy in transition zones due to reflection and mode conversion. This loss is frequency dependent. Ray theory predicts total reflection of waves incident on transition zones beyond the critical angle, though there is frequency dependent leakage through these layers. Scattering from structures of finite size within the Earth is frequency dependent. We use the ray-theoretical estimate for the homogeneous regions within the Earth and take into account the loss of energy and phase distortion that the waves experience in transition regions. We focus our attention on the region near the transition zone. Fig. l(a) depicts the problem of interest. A point, explosive source is located either in or near an inhomogeneous transition layer, which is embedded between two homogeneous half spaces. We will treat both the acoustic and elastic problems for this arrangement of medium and source. Our objective is the determination of the far-field displacement produced by this source-medium interaction. Using the principleof seismic reciprocity (Morse & Feshbach 1953 ; Knopoff &Gangi 1959; Gangi 1970 ), we will show in a later section that the solution of this problem is reciprocally equivalent for both acoustic and elastic media to the problem depicted in Fig. l(b) . In the forward problem, the complications of the point source and the inhomogeneous medium occur together, making the solution difficult. On the other hand, the approximate solution of the reciprocal problem is conceptually far easier to obtain. In the reciprocal problem the complications of a point source and an inhomogeneous medium have been separated. The point source occurs in a homogeneous region far from the inhomogeneous transition zone. The wavefronts are approximately plane when they strike the transition zone. The response of the complicated medium is more easily determined for incident plane waves. In a later section we show that the solution using the steepest descent approximation (SDA) is simply obtained from the plane wave response. The region where the SDA solution is accurate is found by comparing the magnitude of the reflection coefficient and the coefficient of the first-order correction term.
We now turn to consider the nature of the inhomogeneous transition zone embedded between the two homogeneous half spaces. We consider inhomogeneous media with a particular type of velocity and density distribution, which permit closed form solutions of the wave equation. More general inhomogeneous transition zones could be modelled using purely numerical techniques (Haskell 1953 , Haskell 1962 Fuchs 1968) . However, the analytical solution gives explicit expressions for the reflection coefficients as a function of layer parameters and frequency. An acoustic layer satisfying these requirements (Gupta 1965 ) has velocity variation and density variation u = uo(1 +bz) p = po(1 +bZ)P. Inhomogeneous elastic media, in which the wave equation can be separated, were first studied by Hook (1961) . An inhomogeneous elastic layer, which has a separable wave equation and an analytic wave solution (Gupta 1966a) , has the velocity variations a = ao(1 +bz)
We employ the fundamental wave solutions for media of this type to study the farfield displacement response to a P-wave source near a transition zone consisting of two such layers. We can study leaking modes, effects of changes of velocity gradient, and velocity reversals with this model. In the next section the mathematical details of the displacement potentials and reflection and transmission coeficient for plane waves incident on this two-layer transition zone are discussed for both acoustic and elastic media.
Reflection and transmission from a two-layer linear transition zone
We wish to obtain the plane wave reflection and transmission coefficients for an acoustic and an elastic two-layer linear transition zone as a function of frequency, w , and angle of incidence, 8. The inhomogeneous transition zone is embedded between two homogeneous halfspaces with plane boundaries at z = HO = 0 and Hz. The plane z = H I separates the layers of the transition zone. Fig. 2 shows the geometry of the physical situation. The variation of density, p, and the bulk modulus, K, with depth, z, in the twolayer acoustic transition zone is continuous and given by O < z < H i p = pO(1 + b l Z ) P 1 K = Ko(1 +blz)P1+2 and P = P l ( 1 +bz(z-H1)P
where pi = po(1 +biHi)Pl, Ki = Ko(1 +blHl)P1+2 pz = p l ( 1 +b2(H2 -Hi))PS, K2 = K1( 1 + bz(H2 -Hl))po+*.
The fundamental wave solutions have been given for an acoustic layer of this type by Gupta (1965) . If we express the displacement S, in terms of a potential function 5, by
then the scalar wave equation can be solved for waves with harmonic time demndence propagating through an inhomogeneous medium defined by equation (2. i) (Ward 1971) . Let
where k = w sin 80/2/Ko/pO.
Then the solution for Z ( z ) in each of the two layers is expressed in terms of Hankel functions as follows:
We note that for typical Earth media bn is small, making v,, purely imaginary. The solution for 2 in the upper homogeneous halfspace (z c 0) is
and in the lower homogeneous halfspace (z > H2) is
(2.
Methods have been developed for the calculation of the Hankel functions of imaginary order and imaginary argument where both values range from less than one to over a thousand. It is not possible to apply a single method for this entire range of values. After considerable numerical experimentation, we combined an iterative method and asymptotic techniques to produce an algorithm which is sufficiently accurate over the entire range of values. Fig. 3 shows the range of values of the order and the argument of the Hankel functions where the different techniques were employed. When the absolute value of the order is less than 10, an iterative technique (Miller 1952; Goldstein & Thaler 1959) , employing the recursion formula for Hankel functions, is used for all arguments. When the absolute value of the order, Iyl, is greater than 10, five different uniform asymptotic expansions in terms of Airy functions (Olver 1954 ) are used. Their use depends on the value of the argument. If the order and argument are equal, the Airy functions have constant values. In
Regions 1 and 3 an iterative technique is used to calculate the Airy functions, while in Regions 2 and 4 an asymptotic technique is used. These expansions for Hankel functions are of the WKJB type (Jorna 1964) . Therefore, such expansions are ideally suited to wave propagation problems where WKJB techniques have been used successfully. The details of this algorithm appear in Appendix 11 of Ward (1971).
Having expressions for the potential, [(x, z, t ) , given by equations (2.3) and (2.4), we wish to apply the boundary conditions of continuity of normal displacement and continuity of normal stress on each of the three interfaces at z = Ho, HI and Hz. Applying these six conditions, we determine the six constants V, Dll, 0 2 1 , 0 1 2 , 022, and E given by The displacement response to an incident plane wave is completely specified through equations (2.2), (2.3), and (2.4) and the expressions for the constants, equation (2.5).
The geometry of a two-layer elastic transition zone embedded between two homogeneous halfspaces is also shown by Fig. 2 . The density, PO, is constant in the transition zone, having the same value as in the homogeneous halfspaces. The elastic Lame' parameters, h and p, vary in the vertical direction as and
and are continuous at the layer boundaries. Poisson's ratio in the transition zone is 0.25. The variation of the compressional and the shear velocity in the transition zone is linear. Four uncoupled wave solutions have been determined (Gupta 1966a ) for a layer of this type. Gupta chooses the representation for the displacement, 5,
and restricts the medium parameters so that (1) density is constant, and (2) Poisson's ratio is 0.25. Density transitions can not be treated with this model (Richards 1971) . Any discontinuity in density will produce a reflection, which will obscure the effect of the velocity transition. Under these restrictions the wave equation is satisfied by the solutions of the following two equations.
(2. 8a) and (2.8b) where
(2.9) The expressions for the potentials in each region are
(2.10a) (2. lob) form = 0 and 3 and
where Since there are no sources in the lower medium, we may set
We may also make the following association for the remaining constants and tangential stress. Since the elastic problem involves 12 constants, we do not derive explicit expressions for each of these constants from the boundary conditions. Rather, we set up a 12 x 12 matrix equation, each row of which represents one boundary condition. It takes the form A j k Y k = Bj (2.13) where Y k are the potential constants in the four regions, Bj are the constants of the incident waves. The expressions for the elements of the matrix A and column matrix B are not presented here due to their length. They may be found in Appendix I (Ward 1971). There are two matrix equations to be solved, one for incident P-waves and one for incident S-waves. These equations are solved by a standard Gaussian elimination procedure (Isaacson & Keller 1966) . Having the constants of the displacement potentials, we can compute the displacement in any medium of the class we have considered as a function of frequency and angle of incidence for both incident P-waves and incident S-waves.
Reciprocal problem
Reciprocity principles hold for physical processes which can be represented by Hermitian differential operators (with Hermitian boundary conditions). The propagation of acoustic waves and the propagation of elastic waves are represented by operators of this type for quite general media (inhomogeneous, anisotropic). Hence reciprocity principles have been shown to hold for acoustic waves (Morse & Feshbach 1953) and elastic waves (Knopoff & Gangi 1959; Gangi 1970) . These principles may be summarized for an elastic displacement field, i(Z, t), and a body force fieldf(2, t), in an elastic region, V, bounded internally by a surface, C, where discontinuities in displacement and normal stress may occur and externally by a surface, S. The Green's tensor, Gmn(Z, t; X', t'), is used which expresses the elastic displacement at ff and time t in direction m caused by a unit point impulsive force at X' and time t ' in direction n. If we assume the same homogeneous boundary conditions for Gmn and um on the surface S, then the displacement is given by (Burridge & Knopoff 1964) 
where en(X', t ') is the body force field equivalent to the displacement discontinuities and normal traction discontinuities on the surface C. The reciprocity principle states that the following relation holds for the Green's tensor, Gmn, for both acoustic and elastic media -m v Gmn(2, t ; Z', t') = Gnm(X',-t'; R , -t ) .
(3 * 2) We wish to use this principle, expressed by equation (3.2), to simplify the determination of the far-field displacement response from an explosive source either near or in an inhomogeneous elastic transition zone. An acoustic media can be treated similarly. An infinitesimal explosive source, specified by a discontinuity in displacement and normal stress on a boundary surface, C, containing the inelastic zone and the non-linear elastic zone of the source region, is equivalent to a point body force field in an undisturbed linear elastic medium. The equivalent body force field is given by (Burridge & Knopoff 1964) where 5) = N X 1 -51) S(x2 -52) S(X3 -53) ctjpq is the linear elastic stress-strain tensor. vj is the outward normal to the surface 2 [ ] denotes the discontinuity of the displacement ug or the traction Tp across Z.
At this point we limit our consideration to a point P-wave source, which has a simple radiation pattern. This allows us to easily determine the effect of a transition zone on the teleseismic radiation from such a source. However, using equation (3.3) one can determine the teleseismic response from more general sources, e.g. point single couples, point double couples, and propagating ruptures.
The model we use for the explosive source has continuous tractions but discontinuous unit displacements on the surface, 2, of an infinitesimal cube centred at the origin with
[ut] = 6(xj) 8(xk) H(t) for the surface in thej-k plane normal to the i axis. We obtain the equivalent body force, ep, substituting in equation (3.3),
ep(Z, t) = -(3h +2p) S,(T,O) H ( t )
(3 *4) with H ( t ) a unit step function at t = 0.
All body forces, fp, in V are assumed zero except for the equivalent body force ep. Moving the source to a point P and substituting into equation (3. l), integrating by parts, we obtain the expression for the displacement, S, at the point Q --m after applying the homogeneous boundary conditions on S. Fig. l(a) displays the geometry of the forward problem. In this problem the source complexity and the medium complexity occur at the source point P, in or near the transition zone. To uncouple these effects, we consider the reciprocal problem to that expressed by equation (3.5).
Applying the reciprocal theorem, equation (3.2), to the Green's tensor in equation (3.5), we find that m -m Since the Green's tensor depends on t and t ' only through t -t ', we find that S Gja (P,-t'; Q, -t) H(t') dt' --m = f Gja(P, t ; Q, t') H(t') dt'. Then, equation (3.6) shows that the solution of the forward problem is simply related to the Green's tensor of the reciprocal problem as depicted in Fig. I@ ). For example, the i-th component displacement at Q in the forward problem is obtained from the -w divergence of displacements at P in the reciprocal problem in which the source is a single point force at Q directed along the i-th axis.
An explosion in or near an inhomogeneous elastic transition zone will produce two waves, a compressional wave and a shear wave, in the far field. The far field displacement caused by the compressional wave will be parallel to the wave normal; that caused by the shear wave will arrive later and will be transverse to the wave normal. The reciprocal problem can be solved using the scalar form of equation (3.6) for two directed point forces, one parallel to the wave normal and one transverse to it. The dilatation of the two waves in the reciprocal problem is then calculated in or near the transition zone for a P-wave source at that point.
For the spherical waves from a point acoustic source in a homogeneous medium, we use a displacement potential, 5, as defined by equation (2.2)
This potential may be expanded in terms of plane waves and evaluated in the far field by the method of steepest descent in terms of the plane wave solution, except for angles very near the critical angle. We wish to write an expression for the Green's tensor of the reciprocal problem Gtj(P, t ; Q, t'), for acoustic waves in terms of 5, the displacement potential of the reciprocal problem produced by a point source at Q. We expressh(Q, t'), a point force in the reciprocal problem, and st(P, t ) in terms of
a and wherep is defined in equation (2.1). Taking the ratio se(P, t)/h(Q, t'), we determine Grj(P, t ; Q, t'). We introduce this expression into equation (3.6) to determine the displacement parallel to the wave normal in terms of [(P, t ; Q, t'). We normalize the expression to be unity in a homogeneous medium with an impulse in displacement and obtain for the displacement at Q due to a source at P (3 * 9) 1 UP, t ; Q, 0.
(1 + b Z ) ( P / 2 + 2 ) sr(Q, t ; P, t') =
In the case of the elastic problem, we wish to determine the response to two point sources, a force parallel to the wave normal and one transverse to it. For the point force directed parallel to the wave normal only the compressional displacement potential, 0, is non-zero; for the point force directed transverse to the wave normal, only the shear displacement potential, Y, is non-zero. The displacement is obtained from these potentials by equation (2.7). We obtain expressions for the quantities, Gs,(P, t ; Q , t') and Gp,(P, t ; Q, t ') defined by and These expressions are (using the summation convention and the alternating tensor eiik) and a P(P) ax, KP(P))--l @(P, t>l (3. lob) a GP,(P, t ; Q, t') = (NQ) +~P(Q)) ax, (V2@(Q, t')) Introducing these expressions into equation (3.6), we determine the displacement, sp(Q, t; P, t') parallel to the wave normal, and s8(Q, t ; P, t'), transverse to the wave normal. We normalize the expression to be unity in a homogeneous medium. The two displacement components at Q due to an explosion at P are a sp(Q, t; P, t') = {V2@(P, t)-
where @(P, t) is evaluated at P in (3.11) for waves incident from the appropriate source (P-wave source, equation (3.1 la) and S-wave source, equation (3.1 lb)) at Q at time t'. The quantities a0 and j30 are defined in equation (2.9).
Accuracy of the plane wave solution
In a previous section we obtained the exact plane wave response of a two-layer acoustic or elastic transition zone. We then expressed the response of these transition zones to a nearby P-wave source in terms of the solution of the reciprocal problem. In this section we evaluate the reciprocal solution using the steepest descent approximation (SDA) and the exact plane wave response of these transition zones. The accuracy of the SDA acoustic response is considered by examining higher order terms in the approximation. We expect similar limits of applicability of the SDA response will hold for elastic waves as they do for acoustic waves.
A similar comparison of the SDA response with an exact solution (Hirasawa & Berry 1971) has been made for an acoustic model of the crust-mantle transition with a velocity increase of 25 per cent. They obtain an exact solution by a tedious numerical integration in the complex wave number plane. Their comparison will confirm the limits of applicability of SDA response we obtained by a different method. In general the velocity transitions in the upper mantle of interest to us have velocity increases less than 25 per cent and the waves travel greater distances from source to receiver. We will use this simple technique to determine the limits of applicability of the SDA response for these problems. The SDA response has been used to study the effect a sinking lithospheric slab and the 400-km discontinuity has on different frequency waves (Ward 1971) .
In a homogeneous medium the field due to a point source with sinusoidal time variation can be expanded as an integral of plane waves (e.g. Brekhovskikh 1960) for both acoustic and elastic media. Let the velocity of the homogeneous medium be c (acoustic velocity for an acoustic medium and compressional velocity for an elastic medium). The frequency dependence of the source is exp (-id), which we henceforth omit. The strength of the source is taken to be unity. The acoustic displacement potential and the compressional wave displacement potential have the following representation for a point source at r = 0, z = -h = H. We discuss the evaluation of the expression for the reflected field z < 0 for an acoustic medium. The first two terms of the SDA solution will be obtained. The limits of applicability of this solution will be determined by comparing the size of the second term in the expansion with the size of the leading term. The error between the leading term in the expansion and the exact solution is less than the magnitude of the second term.
For an acoustic medium the integrand of the integral for Yrefl, the reflected displacement potential, is identical with equation (4.1) except z+h is replaced by h-z and the integrand is multiplied by the reflection coefficient, V(8). The mathematical expression for V(8) depends upon the form of the inhomogeneous medium. It is sufficient that V(8) be a well-behaved function of w and 8. This integral expresses the acoustic response due to a P-wave source near the edge of a transition zone. This integral has been evaluated numerically by many authors. Among the methods used are the reflectivity method (Fuchs 1968 ) and the Cagniard-de Hoop method (Helmberger 1968; Miiller 1970). We evaluate the integral for '+"ref1 by steepest descent and expand it in an asymptotic series in inverse powers of kRo', where Ro' = r/sin 80 and 80 is the angle the geometrical ray makes with the normal to the interface. The first two terms of the steepest descent asympototic expansion of Yreil are = 0 and with ( )' denoting differentiation with respect to 8. The amplitude of the first term in equation (4.2) includes the reflection coefficient associated with the geometrical ray path and the effect of geometrical spreading. The phase of this term is simply related to the travel time along the geometrical ray path.
The second term on the right-hand side of this equation is the first-order correction term, which depends on the first inverse power in frequency. The magnitude of this term measures the accuracy of the leading term and the limits of applicability of the steepest descent approximation for this type medium. The first-order correction term has two components. The denominator divides the numerator by the number of wavelengths the waves travel from source to receiver. The term in the numerator, N, is independent of the distance the waves travel and depends only on the angle of incidence, the frequency, the thickness of the transition zone, and the per cent velocity change across the transition zone.
A comparison of the size of the first-order term and the reflection coefficient provides us with a guide for applying the method to different situations. For low frequencies and receivers located at intermediate distances from the transition region the waves may travel fewer than 10 wavelengths from source to receiver. In these situations the reflection coefficient, V, must be large compared to the coefficient, N , for the approximation to be accurate.
The acoustic reflection coefficient for several models of the transition at the base of crust and different angles of incidence has been treated by Gupta (1966b) and appears in Fig. 4 . The velocity increases by 33 per cent across this transition. The ratio of the thickness of the transition layer to the wavelength is inversely proportional to the reflection coefficient for angles of incidence less than critical. This ratio increases as either the thickness of the transition layer or the frequency increases. The reflection coefficient converges to unity at the critical angle independent of frequency. The coefficient of the first-order correction term, N, also appears in Fig. 4 . This coefficient is quite small and insensitive to this ratio for angles less than critical. Beyond the critical angle the correction term exhibits a weak dependence on this ratio, indicated by the range of values. The coefficient increases abruptly at an angle of incidence slightly less than the critical angle and drops for angles of incidence slightly greater. For this model, N equals 0.5 at an angle 0.5" less than critical and from 0.5" to 1.0" beyond critical depending on frequency. Therefore, for angles of incidence within this range about the critical angle, the applicability of the approximation is in question. To improve the approximation beyond the critical angle one may evaluate, in addition to the reflection, the head wave, produced by the branch line contribution (Merzer 1971) . The correction term, N, would be considerably less beyond the critical angle in that case. A numerical integration (Hirasawa & Berry 1971 ) is required very close to the critical angle.
Conclusion
We have developed an effective wave-theoretical method to compute the far field response of an inhomogeneous acoustic or elastic transition zone to nearby P-wave sources. The complexity of scattering by the inhomogeneous transition zone in the near field of a point source is avoided by considering the reciprocal problem. The reciprocal problem is solved using the steepest descent approximation in the far field. We present an algorithm to evaluate the wave solutions to incident plane waves for a general class of linear transition zones. The frequency domain solution has been synthesized to obtain theoretical seismograms for models of the 400-km transition zone and sinking lithospheric slabs, which will be published. Earthquake dislocation models for arbitrary fault geometry can easily be included in our method.
